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Abstract
Attributed graphs are powerful data structures for the representation of complex entities.
In a graph-based representation, vertices and their attributes describe objects (or part
of objects) while edges represent interrelationships between the objects. Due to the
inherent genericity of graph-based representations, and thanks to the improvement of
computer capacities, structural representations have become more and more popular in
the field of Pattern Recognition (PR). PR problems can take advantage of graph in two
ways :
• through Graph Matching
• through Graph Embedding
Keywords Graph matching, Graph embedding, Pattern Recognition

Part I

State of the Art
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Chapter 2

Strength and Weakness of Actual
Graph Matching Methods
The art challenges the technology, and the technology inspires the art. John Lasseter
(Director)
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Abstract
In this chapter, we present an overview of the definitions and the concepts that underlie
the presented works in the thesis. We also dig into the details of existing Graph Matching
problems as well as methods dedicated to solving them. A particular focus on Graph Edit
Distance problem and techniques is made in the last section of this chapter.

2.1
2.1.1

Definitions and Notations
Graph

Graphs are an efficient data structure and the most general formalism for object representation in structural Pattern Recognition (PR). They are basically composed of a finite
or infinite set of vertices V , that represents parts of objects, connected by a set of edges
E ✓ V XV , that represents the relations between these two parts of objects, where each
edge connects two vertices in the graph. Formally saying, e(ui , uj ), or eij , where both ui
and uj are vertices that belong to the set V .
20
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Definition 1 Graph
G = (V, E)
V is a set of vertices
E is a set of edges such that E ✓ V ⇥ V

2.1.2

Subgraph

A subgraph Gs is a graph whose set of vertices Vs and set of edges Es form subsets of
the sets V and E of graph G. A subgraph Gs of graph G is said to be induced (or full) if,
for any pair of vertices ui and uj of Gs , e(ui , uj ) is an edge of Gs if and only if e(ui , uj ) is
an edge of G. In other words, Gs is an induced subgraph of G if it has exactly the edges
that appear in G over the same vertices set, i.e., Es = E \ Vs ⇥ Vs
Definition 2 Subgraph
Vs ✓ V
Es ✓ E \ V s ⇥ V s
Figure 2.1 shows a subgraph Gs in a graph G.
Graph Gs

Graph G

v2

v1

v3

v4

Figure 2.1: A subgraph Gs : e(v2 , v3 ), e(v3 , v4 ), e(v4 , v2 ) of graph G.

2.1.3

Directed and Undirected Graphs

A graph G is said to be undirected when each edge eij of the set E has no direction.
This kind of graphs represents a symmetric relation. Mathematically saying: e(ui , uj )
2 E , e(uj , ui ) 2 E. In contrast to the directed graphs which respect the direction that
is assigned to each edge eij . Thus, for the directed graphs e(ui , uj ) 6= e(uj , ui ).

2.1.4

Attributed Graphs

Non-attributed graphs are only based on their neighborhood structures defined by
edges, e.g. molecular graphs where the structural formula is considered as the representa21
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tion of a chemical substance. Thus, no attributes can be found on neither the edges nor the
vertices of graphs. Whereas in attributed, or labelled, graphs (AG), significant attributes
can be found on edges, vertices or both of them which efficiently describe objects (in terms
of shape, color, coordinate, size, etc.) and their relations.
In AGs, two extra parameters have been added (µ, ⇣) where vertices’ attributes and
edges’ attributes are represented successively.
Mathematically speaking, AG is considered as a set of 6 tuples (V ,E,LV ,LE ,µ,⇣) such
that:
Definition 3 Attributed Graph
G = (V ,E,LV ,LE ,µ,⇣)
V is a set of vertices
E is a set of edges such as E ✓ V ⇥ V
LV is a set of vertex attributes
LE is a set of edge attributes
µ : V ! LV . µ is a vertex labeling function which associates the label lui to a vertex ui
⇣ : E ! LE . ⇣ is an edge labeling function which associates the label leij to an edge eij
Definition 3 allows to handle arbitrarily structured graphs with unconstrained labeling
functions. For example, attributes of both vertices and edges can be part of the set
of integers L = {1, 2, 3, · · · }, the vector space L = Rn and/or a finite set of symbolic
attributes L = {x, y, z, · · · }.
In PR, a combination of both symbolic and numeric attributes on vertices and edges is
required in order to describe the properties of vertices and their relations. For notational
convenience, directed attributed relational graphs are simply referred to as graphs in the
rest of the thesis.

2.1.5

Graph Size

The graph order |V | refers to the number of vertices of the given graph G.

2.1.6

Vertex Degree

The degree of vertex ui refers to the number of edges connected to ui . Note that when
the graph G is directed then one should consider ui ’s in-degree and out-degree where the
in-degree refers to the number of incoming edges and the out-degree refers to the number
of outgoing edges of vertex ui .

2.1.7

Graph Density

Graph Density is the ratio of the number of edges divided by the number of edges of
a complete graph with the same number of vertices. Dense graphs represent graphs with
large vertices’ degrees (i.e., large number of edges connected to each vertex ui in the graph
G) while sparse graphs represent graphs with low vertices’ degrees.
22
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Figure 2.2: Two examples of bipartite graphs

2.1.8

Special Graphs

Planar Graph This term refers to any graph that can be embedded in the plane, i.e.,
it can be drawn on the plane in such a way that its edges intersect only at their endpoints.
Weighted Graph This kind of graphs is a particular case of attributed graphs where
LE = R such that edge attribute leij represents the weight of an edge e(ui , uj ).
Directed Acyclic Graph A directed acyclic graph is a directed graph with no directed
cycles, such that there is no way to start at some vertex ui and follow a sequence of edges
that eventually loops back to ui again.
Bipartite Graph This term refers to any graph whose vertices can be divided into two
disjoint sets U and V such that every edge connects a vertex in U to one in V ; that is, U
and V are each independent sets. Figure 2.2 illustrates two examples of a bipartite graph.
Simple Graph A simple graph is a graph that does not contain self-loops or multi-edges
(i.e., two or more edges connecting the same two vertices in a graph).

2.1.9

Graph Matching

Graph matching (GM) is the process of finding a correspondence between the vertices
and the edges of two graphs that satisfies some (more or less stringent) constraints ensuring
that similar substructures in one graph are mapped to similar substructures in the other.
Matching problems are divided into two broad categories: the first category contains
exact GM problems that require a strict correspondence among the two objects being
matched or at least among their subparts. The second category defines error-tolerant
GM problems, where a matching can occur even if the two graphs being compared are
structurally di↵erent to some extent. GM, whether exact or error-tolerant, is applied on
patterns that are transformed into graphs. This approach is called structural in the sense
of using the structure of the patterns to compare them.

23
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In the following sections we focus on graph-based matching problems in Pattern Recognition. For the sake of clarity, we start from the easiest problem to express up to the hardest
one and then we shed light on the problem that is tackled in the thesis.

2.1.10

Exact Graph Matching

In this type of problems and at the aim of matching two graphs, significant part of the
topology together with the corresponding vertex and edge attributes in the graphs G1 and
G2 have to be identical. Exact GM methods can only be efficiently applied on attributed
graphs whose attributes are symbolic or non-attributed graph. For any algorithm proposed
for solving an exact GM problem, a yes or no answer is outputted. In other words, the
output of each exact GM algorithm indicates whether or not a (sub)graph is found in
another graph. When a (sub)graph is found, it will be identified in both of the involved
graphs. This problem is not directly tackled in the thesis. However, it is considered as the
basis of GM problems thanks to its easiness to be explained. Thus, in this section, formal
introductions of exact GM problems is given.
2.1.10.1

Graph isomorphism

The mapping, or matching, between the vertices of the two graphs must be edgepreserving in the sense that if two vertices in the first graph are linked by an edge, they
are mapped to two vertices in the second graph that are linked by an edge as well. This
condition must be held in both directions, and the mapping must be bijective. That
is, a one-to-one correspondence must be found between each vertex of the first graph
and each vertex of the second graph. When graphs are attributed, attributes have to be
identical. More formally, when comparing two graphs G1 = (V1 ,E1 ,LV1 ,LE1 ,µ1 ,⇣1 ) and G2
= (V2 ,E2 ,LV2 ,LE2 ,µ2 ,⇣2 ) we are looking for a bijective function f : V1 ! V2 which maps
each vertex ui 2 V1 onto a vertex vk 2 V2 such that certain conditions are fulfilled:
Definition 4 Graph isomorphism
A bijective function f : V1 ! V2 is a graph isomorphism from G1 to G2 if:
1. 8ui 2 V1 , µ1 (ui ) = µ2 (f (ui ))
2. 8(ui , uj ) 2 V1 ⇥ V1 , e(ui , uj ) 2 E1 , e(f (ui ), f (uj )) 2 E2
3. 8e(ui , uj ) 2 E1 , ⇣1 (e(ui , uj )) = ⇣2 (e(f (ui ), f (uj )))
Figure 2.3 depicts an instance of the graph isomorphism problem. Note that G1 and G2
can be called source and target graphs, respectively. Both G1 and G2 are simple graphs.
In this thesis, we also consider matching of simple graphs.
Graph isomorphism is one of the problems for which it has not yet been demonstrated
if it belongs to NP-complete or not. However, there is still no algorithm that can solve the
problem in polynomial time. Yet, readers who are aware of the recent rise of graph isomorphism might have heard about the claim of Babai in [11] of solving graph isomorphism
in quasipolynomial time.
24
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Graph G2

Graph G1
u2

u1

v2

u3

v1

v3

Figure 2.3: Graph isomorphism between G1 and G2 .
2.1.10.2

Induced Subgraph Isomorphism (SGI)

It requires that an isomorphism holds between one of the two graphs and a vertexinduced subgraph of the other. More formally, when comparing two graphs G1 = (V1 ,E1 ,LV1 ,LE1 ,µ1 ,⇣1 )
and G2 = (V2 ,E2 ,LV2 ,LE2 ,µ2 ,⇣2 ) we are looking for a function f : V1 ! V2 which maps
each vertex ui 2 V1 onto a vertex uj 2 V2 such that certain conditions are fulfilled :
Definition 5 Induced subgraph isomorphism
An injective function f : V1 ! V2 is a subgraph isomorphism from G1 to G2 if:
1. 8ui 2 V1 , µ1 (v) = µ2 (f (ui ))
2. 8(ui , uj ) 2 V1 ⇥ V1 , e(ui , uj ) 2 E1 , e(f (ui ), f (uj )) 2 E2
3. 8e(ui , uj ) 2 E1 , ⇣1 (e(ui , uj )) = ⇣2 (e(f (ui ), f (uj )))
In its exact formulation, the subgraph isomorphism must preserve the labeling, i.e., µ1 (ui ) =
µ2 (vk ) and ⇣1 (e(ui , uj )) = ⇣2 (e(vk , vz )) where ui , uj 2 V1 , vk , vz 2 V2 , e(ui , uj ) 2 E1 and
e(vk , vz ) 2 E2 .
Figure 2.4 depicts an instance of the graph isomorphism problem. The NP-completeness
proof of subgraph isomorphism can be found in [55].
2.1.10.3

Monomorphism

Monomorphism, also known as partial subgraph isomorphism, is a light form of induced
subgraph isomorphism. It also drops the condition that the mapping should be edgepreserving in both directions. It requires that each vertex of the source graph is mapped to
a distinct vertex of the target graph, and each edge of the source graph has a corresponding
edge in the target graph. However, the target graph may have both extra vertices and
extra edges.
The subgraph monomorphism problem between a pattern graph G1 and a target graph
G2 is defined by:
25
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Graph G2

Graph G1
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Figure 2.4: Induced subgraph isomorphism.
Definition 6 Monomorphism
An injective function f : V1 ! V2 is a subgraph isomorphism from G1 to G2 if:
1. 8ui 2 V1 , µ1 (ui ) = µ2 (f (ui ))
2. 8e(ui , uj ) 2 E1 , (f (ui ), f (uj )) 2 E2
3. 8e(ui , uj ) 2 E1 , ⇣1 (e(ui , uj )) = ⇣2 (e(f (ui ), f (uj )))
As in SGI, in the exact formulation of subgraph monomorphism problem, the subgraph isomorphism must preserve the labeling, i.e., µ1 (ui ) = µ2 (vk ) and ⇣1 (e(ui , uj )) =
⇣2 (e(vk , vz )) where ui , uj 2 V1 , vk , vz 2 V2 , e(ui , uj ) 2 E1 and e(vk , vz ) 2 E2 .
2.1.10.4

Maximum Common Subgraph (MCS)

Maximum Common Subgraph is the problem of mapping a subgraph of the source
graph to an isomorphic subgraph of the target graph. Usually, the goal is to find the largest
subgraph for which such a mapping exists. Actually, there are two possible definitions of
the problem, depending on whether vertex-induced subgraphs or partial subgraphs are
used. In the first case, the maximality of the common subgraph refers to the number of
vertices, while in the second one it is the number of edges that is maximized.
Definition 7 Maximum Common Subgraph (MCS)
Let G1 = (V1 , E1 ) and G2 = (V2 , E2 ) be two graphs. A graph Gs = (Vs , Es ) is said to be a
common subgraph of G1 and G2 if there exists subgraph isomorphism from Gs to G1 and
from Gs to G2 . The largest common subgraph is called the maximum common subgraph,
or MCS, of G1 and G2 .

2.1.11

Error-Tolerant Graph Matching Problems

The stringent constraints imposed by exact GM are, in some circumstances, too rigid
for the comparison of two graphs. So the matching process must be tolerant: it must
26
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accommodate the di↵erences by relaxing, to some extent, the constraints that define the
matching type.
2.1.11.1

Problem Transformation: from Exact to Error-Tolerant

Error-tolerant matching is generally needed when no significant identical part of the
structure together with the corresponding vertex and edge attributes in graphs G1 and
G2 can be found. Instead, matching G1 and G2 is associated to a penalty cost. For
example, this case occurs when vertex and edge attributes are numerical values (scalar or
vectorial). The penalty cost for the mapping can then be defined as the sum of the distances
between label values. A first solution to tackle such problems relies on a discretization
or a classification procedure to transform the numerical values into nominal/symbolic
attributes. The main drawback of such approaches is their sensitivity to frontier e↵ects of
the discretization or misclassification. A subsequent exact GM algorithm would then be
unsuccessful. A second solution consists in using exact GM algorithms and customizing
the compatibility function for pairing vertices and edges. The main drawback of such
approaches is the need to define thresholds for these compatibilities. A last way consists
in using an error-tolerant GM procedure that overcomes this drawback by integrating the
numerical values during the mapping search. In this case, the matching problem turns
from a decision one to an optimization one.
2.1.11.2

Substitution-Tolerant Subgraph Isomorphism

Substitution-Tolerant Subgraph Isomorphism [80] aims at finding a subgraph isomorphism of a pattern graph Gs in a target graph G. This isomorphism only considers label
substitutions and forbids vertex and edge insertion in G. This kind of subgraph isomorphism is often needed in PR problems when graphs are attributed with real values and
no exact GM can be found between attributes due to noise. A subgraph isomorphism is
said to be substitution-tolerant when the mapping does not a↵ect the topology. That is,
each vertex and each edge of the pattern graph has a one-to-one mapping into the target
graph, however, two vertices and/or edges can be matched (or substituted) even if their
attributes are not similar. A substitution-tolerant mapping is generally needed when no
exact mapping between vertex and/or edge attributes can be found, but when the mapping
can be associated to penalty cost. For example, this case occurs when vertex and edge
attributes are numerical values (scalar or vectorial) resulting from a feature extraction
step as often in pattern analysis. See Figure 2.5.
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Graph G1

Graph G2

0.5

0.3

0.15

0.13

u3

v3

Figure 2.5: Substitution-tolerant subgraph isomorphism problem. G1 and G2 are attributed graphs, the mapping takes the di↵erence between the attributes into account.
Mappings are also edge-preserving.
Definition 8 Substitution-Tolerant Subgraph Isomorphism
An injective function f : V1 ! V2 is a subgraph isomorphism of G1 = (V1 ,E1 ,LV1 ,LE1 ,µ1 ,⇣1 )
and G2 = (V2 ,E2 ,LV2 ,LE2 ,µ2 ,⇣2 ) if the following conditions are satisfied:
1. 8ui 2 V1 , µ1 (ui ) ⇡ µ2 (f (ui ))
2. 8(ui , uj ) 2 V1 ⇥ V1 , e(ui , uj ) 2 E1 , e(f (ui ), f (uj )) 2 E2
3. 8e(ui , uj ) 2 E1 , ⇣1 (e(ui , uj )) ⇡ ⇣2 (e(f (ui ), f (uj )))
In PR applications, where vertices and edges are labeled with measures which may be
a↵ected by noise, a substitution-tolerant formulation which allows di↵erences between
attributes of mapped vertices and edges is mandatory. However, these di↵erences are
associated to costs where the objective is to find the mapping corresponding to the minimal
global cost, if one exists. i.e., µ1 (ui ) ⇡ µ2 (vk ) and ⇣1 (e(ui , uj )) ⇡ ⇣2 (e(vk , vz )).
Figure 2.5 depicts the substitution-tolerant subgraph isomorphism problem.

2.1.11.3

Error-Tolerant Subgraph Isomorphism

Error-Tolerant Subgraph Isomporphism [95] takes into account the di↵erence in topology as well as attributes. Thus, it requires that each vertex/edge of graph G1 is mapped
to a distinct vertex/edge of graph G2 or to a dummy vertex/edge. This dummy elements
can absorb structural modifications between the two graphs.
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Graph G1

Graph G2

0.5

0.3

0.15

(a) Graphs G1 and G2
Graph G1

Graph G2

f(v)

0.5

0.3

0.16

(b) Error-Tolerant Subgraph Isomorphism of the graphs G1 and G2 . Note that
the green dashed line on G2 represents an
edge deletion.

Figure 2.6: Error-Tolerant Subgraph Isomorphism of G1 and G2
Definition 9 Error-Tolerant Subgraph Isomorphism
An injective function f : V1 ! V2 is an error-tolerant subgraph isomorphism from G1
= (V1 ,E1 ,LV1 ,LE1 , µ1 ,⇣1 ) to G2 = (V2 ,E2 ,LV2 ,LE2 ,µ2 ,⇣2 ) if the following conditions are
satisfied:
1.

V2

is a set of dummy vertices

2.

E2

is a set of dummy edges

3. 8ui 2 V1 , f (ui ) 2 V2 [

V2

4. 8e(ui , uj ) 2 E1 , e(f (ui ), f (uj )) 2 E2 [

E2

5. 8ui 2 V1 , µ1 (ui ) ⇡ µ2 (f (ui )) and 8e(ui , uj ) 2 E1 , ⇠1 (e(ui , uj )) ⇡ ⇠2 (e(f (ui ), f (uj )))
The error-tolerant subgraph isomorphism of graphs G1 and G2 is depicted in Figure
2.6.
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2.1.11.4

Error-Tolerant Graph Matching

A significant number of error-tolerant GM algorithms base the definition of the matching cost on an explicit model of the errors (deformations) that may occur (i.e., missing
vertices, etc.), assigning a possibly di↵erent cost to each kind of error. These algorithms
are often denoted by error-correcting or error-tolerant [35, 92].
Definition 10 Error-Tolerant GM
A function f : V1 [{✏} ! V2 [{✏} is an error-tolerant GM from G1 = (V1 ,E1 ,LV1 ,LE1 , µ1 ,⇣1 )
to G2 = (V2 ,E2 ,LV2 ,LE2 ,µ2 ,⇣2 ) where ✏ refers to the empty vertex. Considering only
nonempty vertices, f is bijective. However, when taking into account ✏, several vertices
from V1 can be mapped to ✏. Such an operation is referred to as deletion of these vertices
from V1 . Similarly, ✏ can be mapped to several vertices from V2 representing the insertion
of these vertices in v1 . Formally, f must fulfill certain conditions:
1. f (u1 ) 6= ✏ ) f (u1 ) 6= f (u2 8u1 , u2 2 V1
2. f

1 (v

1)

6= ✏ ) f

1 (v

1)

6= f

1 (v

2)

8v1 , v2 2 V2

Figure 2.7 depicts the error-tolerant graph isomorphism problem.
Graph G1

Graph G2

f(v)

0.5

0.3

0.16

Figure 2.7: Error-Tolerant Graph Isomorphism of the graphs G1 and G2 presented in
Figure 2.6(a). Note that the dashed vertex and the dashed line on G1 represent vertex
insertion and edge insertion operations respectively. The Dashed line on G2 depicts an
edge insertion operation.
In the thesis, the term source graph refers to graph G1 while target graph refers to G2 .
2.1.11.5

Error-Tolerant Matching Cost

As mentioned before, error-tolerant GM has an advantage over exact GM which lies
in error and noise tolerance in the matching process. In exact GM, when comparing two
vertices or two edges, the evaluation answer is yes or no. That is, the matching result
tells whether the vertices or edges are equal. In error-tolerant GM, a measurement of
the strength of matching vertices and/or edges is called cost. This cost is applicable on
30
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both graph structures and attributes. The basic idea is to assign a penalty cost to each
edit operation according to the amount of distortion that it introduces in the transformation. When (sub)graphs di↵er in their attributes or structures, a high cost is added in
the matching process. Such a cost prevents dissimilar (sub)graphs from being matching
since they are di↵erent. Likewise, when (sub)graphs are similar, a small cost is added to
the overall cost. This cost includes matching two vertices and/or edges, inserting a vertex/edge or deleting a vertex/edge. Deletion and insertion operations are transformed to
assignments of a non-dummy vertex to a dummy vertex one. Substitutions simply indicate
to vertex-to-vertex and edge-to-edge assignments.
Formally, error-tolerant GM f : V1 ! V2 is a minimization problem where the goal is
to minimize the overall cost c of matching G1 and G2 .
Definition 11 Matching Cost Function
vertex substitutions

c(f ) =

z X

ui 2V1
f (ui )2V2

z

vertex deletions

ui 2V1
f (ui )=✏

f

uj 2V2
1 (u )=✏
j

edge substitutions

X

e(ui ,uj )2E1
e(f (ui ),f (uj ))2E2

}|
{ z
c(e(ui , uj ), e(f (ui ), f (uj ))) +

edge deletions

X

}|
{
c(e(ui , uj ), ✏) +

e(ui ,uj )2E1
e(f (ui ),f (uj ))=✏

z

edge insertions

X

}|

e(vk ,vz )2E2
e(f 1 (vk ),f 1 (vz ))=✏

2.1.11.6

vertex insertions

}|
{ z X }|
{ z X }|
{
c(ui , f (ui )) +
c(ui , ✏) +
c(✏, uj ) +

{
c(✏, e(vk , vz ))

(2.1)

Graph Edit Distance

The graph edit distance (GED) was first reported in [137, 118, 60]. GED is a dissimilarity measure for graphs that represents the minimum-cost sequence of basic editing
operations to transform a graph into another graph by means classically included operations: insertion, deletion and substitution of vertices and/or edges. Therefore, GED can
be formally represented by the minimum cost edit path transforming one graph into another. Edge operations are taken into account in the matching process when substituting,
deleting or inserting their adjacent vertices. From now on and for simplicity, we denote the
substitution of two vertices ui and vk by (ui ! vk ), the deletion of vertex ui by (ui ! ✏)
and the insertion of vertex vk by (✏ ! vk ). Likewise for edges e(ui , uj ) and e(vk , vz ),
(e(ui , uj ) ! e(vk , vz )) denotes edges substitution, (e(ui , uj ) ! ✏) and (✏ ! e(vk , vz )) denote edges deletion and insertion, respectively. The structures of the considered graphs do
not have to be preserved in any case. Structure violations are also subject to a cost which
31
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is usually dependent on the magnitude of the structure violation [111]. And so, the meta
parameters of each of deletion, insertion and substitution a↵ect the matching process. The
discussion around the selection of cost functions and their parameters is beyond the topic
of this thesis and will not be discussed in this thesis.
Let (G1 , G2 ) denote the set of edit paths that transform G1 into G2 . To select the
most promising edit path among all the edit paths of (G1 , G2 ), a cost, denoted by c(ed),
is introduced, see Definition 11. Thus, for each operation (edge/vertex substitutions,
edge/vertex deletions and edge/vertex insertions) a penalty cost is added. GED tries to
find the minimum overall cost (d min (G1 , G2 )) among all generated costs.
Formally saying, GED is based on a set of edit operations edi where i = 1 . . . k and k
is the number of edit operations. This set is referred to as Edit Path.
Definition 12 Edit Path
A set {ed1 , · · · , edk } of k edit operations edi that transform G1 completely into G2 is
called a (complete) edit path (G1 , G2 ) between G1 and G2 . A partial edit path refers to
a subset of {ed1 , · · · , edq } that partially transforms G1 into G2 .
Formally saying, the edit distance of two graphs is defined as follows.
Definition 13 (Graph Edit Distance)
Let G1 = (V1 ,E1 ,LV1 ,LE1 , µ1 ,⇣1 ) and G2 = (V2 ,E2 ,LV2 ,LE2 ,µ2 ,⇣2 ) be two graphs, the graph
edit distance between G1 and G2 is defined as:
X
d min (G1 , G2 ) =
min
c(edi )
(2.2)
2 (G1 ,G2 )

edi 2

Where c(edi ) denotes the cost function measuring the strength of an edit operation
edi and (G1 , G2 ) denotes the set of all edit paths transforming G1 into G2 . The exact
correspondence, min , is one of the correspondences that obtains the minimum cost (i.e.,
d min (G1 , G2 )).
Generally speaking, Definition 13 is constrained by vertices and so vertices of the
involved graphs are privileged during the matching process. That is, edge operations are
taken into account in the matching process when substituting, deleting or inserting their
underlying or corresponding vertices.
In GED and so error-tolerant GM, each vertex of G1 can be either matched with a
vertex in G2 or deleted (in this case it will be matched with ✏). Similarly, each vertex of
G2 can be either matched with a vertex in G1 or inserted in G1 (in this case it will be
matched with ✏). Likewise, edges of G1 can be either matched with edges of G2 or deleted
while edges of G2 can be either inserted in G1 or matched with edges in G1 . However,
the decision of whether an edge is inserted, substituted, or deleted is done regarding the
matching of their adjacent vertices. That is, the neighborhood of edges dominates their
matching. For better understanding, see Figure 2.8. Note that in the given scenarios, ui
and uj of G1 are matched with vk and vz of G2 , respectively. Formally, f (ui ) = vk and
f (uj ) = vz . Based on these scenarios, three cases can be identified:
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G1

G2

G1

G2

G1

G2

ui

vk

ui

vk

ui

vk

eij

eij
uj

vz

Edges Substitution

𝜖
uj

vz
Edges Deletion

ekz

𝜖
uj

vz

Edges Insertion

Figure 2.8: Edge mappings based on their adjacent vertices and whether or not an edge
between two vertices can be found
• If there is an edge eij = e(ui , uj ) 2 E1 and an edge ekz = e(vk , vz ) 2 E2 , edges substitution between e(ui , uj ) and e(vk , vz ) is performed (i.e., e(f (uj ), f (uj )) = e(vk , vz )).
• If there is an edge eij = e(ui , uj ) 2 E1 and there is no edge between vk and vz (i.e.,
e(vu , vk ) = ✏), edge deletion of e(ui , uj ) is performed (i.e., e(f (uj ), f (uj )) = ✏).
• If there is no edge between ui and uj (i.e., eij = e(ui , uj ) = ✏) and there is an edge
between and an edge ekz = e(vk , vz ) 2 E2 , edge insertion of e(vk , vz ) is performed
(i.e., e(f 1 (vk ), f 1 (vz )) = ✏).
An example of an edit path between two graphs G1 and G2 is shown in Figure 2.9,
the following operations have been applied in order to transform G1 into G2 : three edge
deletions, one vertex deletion, one vertex insertion, one edge insertion and three vertex
substitutions.

G2

G1

e(ui,uj)->ϵ
3 edge deletions

ui->ϵ
Node deletion

ϵ  -> vk
Node insertion

ϵ  -> e(vk,vz)
Edge insertion

Figure 2.9: Transforming G1 into G2 by means of edit operations. Note that vertices
attributes are represented in di↵erent gray scales
A cost function is associated with each edit operation indicating the change strength
an edit operation had done. In fact, GED directly corresponds to the definition of errortolerant GM, see Definition 10. Thus, GED has also been shown to be NP-hard [155].
Conditions on Cost Functions If no conditions are put on the cost functions for
deleting, inserting or substituting vertices and/or edges, then one can have infinite number
of complete edit paths . For example, one can insert any edi (e.g. ✏ ! ui ) and then
remove it (i.e., ui ! ✏) and thus by doing so with the other edit operations one can end up
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having infinite number of solutions for GED(G1 , G2 ). In order to overcome this problem,
some constraints have to be defined for any cost function proposed for solving GED. In
[98], three constraints are illustrated. The first constraint, referred to as positivity, is
defined as follows:
c(edi )

0 s.t. edi is an edit operation on vertices or edges.

(2.3)

By adding this condition, any cost function has to be non-negative.
In order not to allow inserting a vertex or edge and then deleting it, a second condition
or constraint is defined. This condition only allows substitutions to have a zero cost. That
is, the cost of deletions and insertions have to be always greater than zero. Formally:
c(edi ) > 0 s.t. edi can be an insertion or a deletion of a vertex or an edge.

(2.4)

However, when the attributes of two edges or two vertices that are matched di↵er,
a distance between attributes should be defined. Such a distance depends on the graph
database. Later in the thesis, some graph databases along with their cost functions will
be presented.
From the aforementioned constraint, one can see that substitutions are always privileged. In order to prevent some expensive substitutions, deletions or insertions from being
included in the edit path, a third constraint, referred to as triangle inequality, is initialized:
c(ui ! vk )  c(ui ! vz ) + c(vz ! vk )
c(ui ! ✏)  c(ui ! vz ) + c(vz ! ✏)

(2.5)

c(✏ ! vk )  c(✏ ! vz ) + c(vz ! vk )
Where ui , vk and vz are vertices that are included in an edit path. For example, a
deletion (✏ ! vk ) is performed if it is less expensive or equal to adding a vertex (✏ ! vz )
followed by (vz ! vk ) (see line 3 of the third constraint). While this constraint only talks
about vertex operations, it has to be applied on not only vertices but also edges.
It has been shown by Neuhaus and Bunke [98] that for GED to be a metric, each of its
elementary operations has to satisfy not only the aforementioned properties but also one
more property, referred to as Symmetry. The Symmetry constraint is defined as follows:
c(edi ) = c(edi 1 )

(2.6)

The property includes vertices and edges’ operation edi . For instance, (ui ! vk ) has
to be equal to (vk ! ui ). Likewise, deleting a vertex (ui ! ✏) is equal to inserting it (i.e.,
✏ ! ui ).
2.1.11.7

Multivalent Matching

All the aforementioned matching problems, whether exact or error-tolerant ones, belong to the univalent family in the sense of allowing one vertex or one edge of one graph
to be substituted with one and only one vertex or edge in the other graph.
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In many real-world applications, comparing patterns described at di↵erent granularity
levels is of great interest. For instance, in the field of image analysis, an over-segmentation
of some images might occur whereas an under-estimation occurs in some other images
resulting in allowing several regions of one image to be correspondent, or related to, a
single region of another image. Based on this fact, multivalent matching problem emerged
to be one of the interesting problems in graph theory [29]. Multivalent matching drops
the condition that vertices in the source graph are to be mapped to distinct vertices of
the target graph. Thus, in multivalent matching, vertex in the first graph can be matched
with an empty set of vertices, one vertex or even multiple vertices in the other graph. This
matching problem is also called relational matching since GM is no longer a function but
rather a relation m ✓ V1 ⇥ V2 . The objective of this kind of matching is to minimize the
number of split vertices (i.e., vertices that are matched with more than one vertex).
Mathematically, the relation m associating a vertex of one graph to a set of vertices of
the other graph can be defined as follows:
Definition 14 Multivalent Matching
A relation m ✓ V1 ⇥ V2 is a multivalent matching from G1 to G2 if:
1. 8ui 2 V1 , m(ui ) ⇡ {vk 2 V2 |(ui , vk ) 2 m}
2. 8vk 2 V2 , m(vk ) ⇡ {ui 2 V1 |(ui , vk ) 2 m}
where m(v⇤ ) denotes the set of vertices that are associated with a vertex v⇤ by the
relation m.
Figure 2.10 illustrates an example of two objects (object 1 and object 2). At a first
glance, one may think that both objects are similar, however, while there is only one
front wall in object 2 (i.e., wall 5), there are two front walls (e and f ) in object 2. And
thus when both objects are transformed into relational graphs, wall 5 is matched to both
walls f and e in graph G1 . Based on the aforementioned definition of multivalent, m of
the previous example is defined as: {(a, 1), (b, 2), (c, 3), (d, 4), (e, 5), (f, 5)}. Thus, in this
mapping, the set of vertices mapped with 5 in G2 is referred to as m(5) = {e, f }. In
another scenario (m= {(a, 1), (b, 2), (a, 3), (b, 4), (e, 5)}), one can remark that f in G1 is
not mapped to any vertex and thus m(f ) = ;. Since each vertex can be matched to zero,
one or many vertices, the complexity of multivalent matching dramatically increases when
compared to the aforementioned GM problems in this chapter.
2.1.11.8

Modeling Graph Matching by Hard and Soft Constraints

In [81], GM is defined by constraint-based modeling language. By using such constraints, any GM problem can be expressed. The constraint-based language, or so-called
synthesizer, is designed on top of Comet [140]. Once a user defines the characteristics
of the selected problem, a Comet program is automatically created. This program has
two modes: Constraint Programming (CP) and Constraint-Based Local Search (CBLS).
One of these modes is automatically used depending on the problem’s characteristics. For
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Figure 2.10: Multivalent matching example (taken from [29])
instance, CP is used for computing exact measures while CBLS is suited for computing
error-tolerant measures.
Let G1 = (V1 ,E1 ,LV1 ,LE1 ,µ1 ,⇣1 ) and G2 = (V2 ,E2 ,LV2 ,LE2 ,µ2 ,⇣2 ) be two graphs. To
match these graphs, a list of constraints can be used to specify the considered matching
problem and thus GM is turned into satisfying these selected constraints. The main
constraints family is divided into 4 sets. The first set allows to specify the minimum and
maximum number of vertices a vertex is matched to. The second set ensures that a set U
of vertices is injective. The third set permits to identify clearly that a couple of vertices
must be matched to a couple of vertices connected by an edge. The fourth set ensures
that the labels of matched vertices or edges must be equal. Each constraint can be either
a hard or a soft one. Hard constraints cannot be violated while soft ones may be violated
at some given cost. Thus, for each soft constraint, a violation cost is needed such that the
similarity is maximized.
Figure 2.11 illustrates two graphs G1 and G2 . One can model the problem of whether
one of the two graphs is included into the other using hard and soft constraints. For
instance, if all the four constraints are hard, the problem is turned to be Induced Subgraph
Isomorphism, see Section 2.1.10.2. On the other hand, if the constraints are a mixture of
hard and soft constraints, the problem becomes graph Partial Subgraph Isomorphism, see
Section 2.1.10.3.
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Figure 2.11: An example of two graphs G1 and G2 .
The objective is to decide whether one graph is included into the other. If constraints on edges are
hard, the problem is Induced Subgraph Isomorphism. If constraints are both hard
and soft ones, the problem is graph Partial Subgraph Isomorphism. (Taken from
http://contraintes.inria.fr/sfages/SEMINAIRE/Solnon09.pdf)
2.1.11.9

Graph Edit Distance as Quadratic Assignment Problem

GED can be reformulated as a quadratic assignment problems (QAPs) [14]. QAPs
belong to the class of NP-hard problems. Over last three decades, extensive research has
been done on QAPs. In [116], Sahni and Gonzalez have shown that the QAP is NP-hard
and that even finding a suboptimal solution within some constant factor from the optimal
solution cannot be done in polynomial time unless P=NP.
As a well-known quadratic assignment application, we mention the flow matrix. The
objective is to find an assignment of all facilities to all locations (i.e., a permutation
p 2 ⇧N ), such that the total cost of the assignment is minimized. Given a set N =
{1, 2, · · · , n} and n ⇥ n matrices F = (fij ) and D = (dp(i)p(j) ), the quadratic assignment
problem (QAP) can then be defined as follows:
min

p2⇧N

n X
n
X

fij dp(i)p(j) +

i=1 j=1

n
X

cip(i)

(2.7)

i=1

where F = (fij ) is the flow of materials from facility i to facility j whereas D =
(dp(i)p(j) ) is the matrix whose elements dkl represent the distance from location p(i) to
location p(j). The cost of simultaneously assigning facility i to location p(i) and facility j
to location p(k) is fij dp(i)p(j) . Finally, cip(i) is the cost of placing facility i at location p(i).
For a comprehensive survey of QAPs, we refer the interested reader to [24].
In order to reformulate GED as QAP, two challenging points have been considered.
First, having equal cardinality matrices taking into account the unequal cardinality of
vertices and edges in the involved graphs of GED. Second, GED is more general than
QAP since it does not necessarily assign each vertex or edge in G1 to a vertex or an edge
in G2 . That is, GED also allows the deletion of vertices and edges of G1 as well as the
insertion of vertices and edges of G2 .
37

2.1. DEFINITIONS AND NOTATIONS

These issues have been solved by adding empty vertices and so edges in the list of
vertices, as stated here:
V1 = V1 [ {✏1 , ✏2 , · · · ✏m }
V2 = V2 [ {✏1 , ✏2 , · · · ✏n }

where n = |V1 | and m = |V2 |. Therefore, the adjacency matrices of G1 and G2 (i.e., A
and B respectively) are defined as follows:

A(n+m)⇥(n+m)

a11
...
...
an1
=
✏
✏
...
✏

...
...
...
...
✏
✏
...
...

... a1n ✏ ✏ ... ✏
... ...
✏ ✏ ... ✏
... ... ... ... ... ...
... ann ✏ ... ✏ ✏
... ✏
0 ... ... 0
... ✏
... ... ... ...
... ... ... ... ... ...
✏
✏
0 ... ... 0

B(n+m)⇥(n+m)

b11
...
...
b
= m1
✏
✏
...
✏

...
...
...
...
✏
✏
...
...

... b1m ✏ ✏ ... ✏
... ...
✏ ✏ ... ✏
... ... ... ... ... ...
... bmm ✏ ... ✏ ✏
...
✏
0 ... ... 0
...
✏
... ... ... ...
... ... ... ... ... ...
✏
✏
0 ... ... 0

The elements of the matrices A and B indicate whether an edge can be found between
vertices. For instance, if there is an edge between ui and uj in G1 , aij 2 A will refer to
that edge. Note that in A and B there is no edge between any vertex ui and an empty
vertex, the contrary is also true. That is, ✏ is found for the impossible cases.
Based on V1 and V2 , the cost matrix C can be established as follows:
The left upper corner of the matrix contains all possible vertex substitutions (i.e.,
ui ! uj ), the diagonal of the right upper matrix represents the cost of all possible vertex
deletions (i.e., ui ! ✏) and the diagonal of the bottom left corner contains all possible
vertex insertions (i.e., ✏ ! uj ). The bottom right corner elements cost is set to zero which
concerns the substitution of ✏ ! ✏.
Now that all elements are ready (i.e., the adjacency matrices A and B and the cost
matrix C), equation 2.7 can be rewritten as follows:
dmin =

min

('1 ,'2 ,···'n+m )2⇧n+m

n+m
X
i=1
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n+m
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i=1 j=1

c(aij ! b'i 'j )

(2.8)
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C(n+m)⇥(n+m)

c1,1 ... ... c1,m
...
... ...
...
...
... ...
...
cn,1 ... ... cn,m
=
c✏,1 1 ... 1
1 c✏,2 ... 1
...
... ...
...
1 ... 1 c✏,m

c1,✏ 1 ... 1
1 c2,✏ ... 1
... ... ... ...
1 ... 1 cn,✏
0
... ... 0
... ... ... ...
... ... ... ...
0
... ... 0

where ⇧n+m refers to the set of all (n
m)! possible permutations of the integers
P+
n+m
1, 2, · · · , (n + m). The first linear term
ci'(i) is dedicated to the sum of vertex
i=1
Pn+m
Pn+m
edit costs while the second quadratic term
i=1
j=1 c(a'i 'j ! b'i 'j ) refers to the
underling edge cost resulted from the permutation ('1 , '2 , · · · 'n+m ). For instance, if
vertex ui 2 V1 is matched with vertex vk 2 V2 and vertex uj 2 V1 is matched with
vertex vz 2 V2 , then edge e(ui , uj ) has to be matched with edge e(vk , vz ). These edges
are kept in aij and bkz , respectively. As previously mentioned, edges might be empty.

2.1.12

Matching Difficulties

In this section a revision of all the aforementioned problems, whether univalent or multivalent, is conducted. Figure 2.12 summarizes all the discussed problems and highlights
two properties:
• Difficulty property: one can see that the difficulty increases when looking at Figure
2.12 from top to bottom. That is, the difficulty of multivalent matching is the highest
while the one of exact GM is the lowest.
• Constraint property: Unlike exact and error-tolerant matching which belong to the
univalent class, multivalent matching has the least constraints since it allows the
matching of one to none, one to one, one to many and many to many.

2.2
2.2.1

Synthesis of Error-Tolerant Graph Matching Methods
Motivation

Restricting applications to exact GM is obviously not recommended. In reality, objects
su↵er from the presence of both noise and distortions, due to the graph extraction process.
Thus, exact GM algorithms fail to answer whether two graphs G1 and G2 are, not identical,
but similar. In addition, when describing non-discrete properties of an object, graph
vertices and edges are attributed using continuous attributes (i.e., L ✓ R). Such objects
(i.e., with non-discrete labels) are likely to be nonidentical. In this thesis, as a first step and
since the complexity of multivalent error-tolerant matching is even harder than univalent
error-tolerant matching, multivalent matching is not tackled.
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Figure 2.12: Graph matching difficulties according to constraints
Consequently and for all the aforementioned arguments, we focus on univalent errortolerant GM taking into account the applicability of its proposed methods in various realworld applications. Error-tolerant GM, aims at relaxing, to some extent, the constraints
of the extract matching process in such a way that a similarity answer/score is given for
matching an attributed source graph with an attributed target graph while penalizing the
structure of one or both them. Error-tolerant GM techniques have been widely proposed
in the literature. In this section, we survey the methods presented in the literature to
solve error-tolerant GM. Since we cannot review all the methods, the list of methods is
considered as a non-exhaustive one. We refer the interested reader to two surveys that
focused on applications using graphs at di↵erent levels [92, 36].

2.2.2

Error-Tolerant Methods in the Literature

In our synthesis, we focus on error-tolerant GM methods that are learning-free (i.e.,
methods that are not based on a machine learning step). The reason for which we have
not focused on such methods is because there are few graph databases with ground truths.
Moreover, ground truths constructed by humans cannot be always achieved for some specific structures such as chemical structures. Thus, methods that are based on neural
networks (e.g. [54, 131, 77]) and Expectation-Maximization (EM) (e.g. [41, 7, 89]) are
not detailed in the synthesis.
We divide the methods in the literature into two big families: deterministic and nondeterministic methods.
2.2.2.1

Deterministic Methods

Formalization by means of relaxation labeling is another type of GM formalization
that has been proposed in the literature. The very first work has been proposed in [50].
Labels of target graphs are presented as a discrete set, each vertex of the source graph is
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assigned to one label of the target graph set. The selection of a label candidate is done
using Gaussian Probability Distribution. The vertex-matching procedure is iteratively
conducted. In the beginning, an initial labeling is selected which is dependent on the
vertex attributes, vertex connectivity, etc. Afterwards, the labeling is enhanced until a
satisfying labeling is found. Such a satisfying labeling is considered as the best matching
of two graphs.
Some enhancements have been proposed in the relaxation labeling domain. [61, 74]
are the first works applying probability theory to GM where an iterative approach is
conducted using a method called probabilistic relaxation. In these works, both a Gaussian
error and the use of binary relations are justified to be enough for fully defining the whole
structure. The main drawback of the initial formulation of this technique, namely the
fact that vertex and edge labels are used only in the initialization of the matching process.
Such a drawback was overcome in [142]. A Bayesian perspective is used for both unary and
binary vertex attributes in [142]; [59]; and [147]. In [65] this method is further improved
by also taking edge labels into account in the evaluation of the consistency measure for
matching hierarchical relational models. Bayesian graph [96] has been built up on the
idea of probabilistic relaxation. The concept of Bayesian graph has also been successfully
applied to trees [136].
Spectral Graph Theory is considered as an approach of great interests for solving
GM problems [90, 34, 88, 115]. In this approach, graphs’ topology is characterized using
eigenvalues and eigenvectors of the adjacency matrix or Laplacian matrix ([148]). The
computation of eigenvalues/eigenvectors is a well studied problem that can be solved in
polynomial time. However, despite the benefits achieved using all algorithmic tools, spectral methods su↵er from two main limitations. First, the weakness in their representation
of vertex and/or edge attributes in PR applications, some spectral methods can deal only
with unlabeled or labeled graphs under constraints (e.g. only constrained label alphabets
or real weights assigned to edges [138].). Second, the sensitivity of eigen-decomposition towards structural errors as they can not cope with graphs a↵ected by noise, such as missing
or extra vertices [22].
In the literature, researchers also focused on GED and proposed lots of approaches
for solving it. In [23] a distance measure based on the maximal common subgraph of two
graphs is proposed. This defined distance is a metric that does not depend neither on
the edit distance nor on the costs of the edit operations. The well-known A⇤ algorithm
[102] has been employed for solving GED. A⇤ along with a lower bound can prune o↵ the
underlying search tree by decreasing the number of explored nodes and edges. However,
because of the combinatorial explosion of the search tree of GED, the problem is still
known to be NP-hard. A linear programming formulation of GED has been reported in
[71], such a formulation is applicable only on graphs whose edges are unattributed.
An algorithm in [82], referred to by the Integer Projected Fixed Point Method (IPFP),
is proposed for GM. IPFP is based on QAP of GM, see Section 2.1.11.9. This algorithm is
an efficient approach, which iterates between maximizing linearly approximated objective
in discrete domain and maximizing along the gradient direction in continuous domain.
Thus, IPFP guarantees convergence properties. However, in general, this approach often
stops early with bad local maximum. In fact, since IPFP is a greedy approach which is
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based on discretization, during its execution it can find a bad local maximum.
Apart from the aforementioned methods in the section, there are also approximate
algorithms that work directly on the adjacency matrix of the graphs relaxing the combinatorial optimization to a continuous one like the Path Following algorithm proposed in
[153]. Path Following is based on convex-concave relaxations of the initial integer programming problem. The reason of choosing convex/concave relaxations is to approximate in the
best way the objective function on the set of permutation matrices. In order to achieve the
convex-concave programming formulation, the weighted GM problem is also reformulated
as QAP over the set of permutation matrices where the quadratic term encodes the structural compatibility and the linear term encodes local compatibilities, see Section 2.1.11.9.
Then this problem is relaxed to two di↵erent optimization problems: a quadratic convex
and a quadratic concave optimization. Path Following allows to integrate the alignment of
graph structural elements with the matching of vertices with similar attributes. Finally, a
Graduated NonConvexity and Graduated Concavity Procedure (GNCGCP) [86] has been
proposed as a general optimization framework to suboptimally solve the combinatorial
optimization problems. One of the special cases in the paper is solving error-tolerant
GM. This proposal has two steps. First, graduated nonconvexity which realizes a convex
relaxation. Second, graduated concavity which realizes a concave relaxation.
2.2.2.2

Non-Deterministic Methods

The formulation of complex GM problems as combinatorial optimization has been
proposed in the literature. Genetic algorithms are considered as examples of such a formulation. Matching is formalized as states (chromosomes) of a search space with a corresponding fitness in [3, 145, 127, 132, 10]. Genetic algorithms start with an initial pool
of chromosomes, considered as matching, which evolves iteratively into other generations
of matching. Despite the randomness of genetic algorithms in exploring the search space,
promising chromosomes can be chosen if one carefully designs genetic algorithms. These
chromosomes can then be improved during specific genetic operations. In fact, low cost
matching is prioritized which guarantees to have, though not optimal, low cost matching.
Furthermore, genetic algorithms are able to efficiently overcome the problem of both huge
search spaces and the local minima proposed for approximating GED. However, genetic
algorithms are non-deterministic in the sense of having di↵erent solutions when running
its algorithms several times.
Some generic algorithms have been proposed for solving a variety of GM problems. A
greedy algorithm has been proposed in [29]. In the beginning, an empty mapping m is
given. Then in order to fill up this set with vertex-to-vertex and edge-to-edge mappings,
a greedy way is used to choose mappings that maximize the similarity. To choose the
best vertex-to-vertex mappings, vertices that share the same in and out-edges are always
privileged. The step of finding the best candidates is repeated until finding a local optimum
solution. This algorithm is non-deterministic and thus one need to run it several times and
choose the best solution after. In order to improve this algorithm, local search algorithms
can be employed [57, 73]. Local search algorithms aim at improving solutions by locally
exploring their neighborhoods. In GM, neighborhoods can be obtained by adding or
removing vertex-to-vertex mappings in m. To choose the best neighbor to be explored,
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Tabu search is used [57, 64]. Tabu search prevents backward moves by memorizing the
last k moves, such a step overcomes the problem of local optimum from which greedy
search algorithms su↵er. The authors of [130], inspired by [13], have proposed a reactive
tabu search as a generic GM algorithm where k is dynamically adapted. A hashing key
is given for each explored path. When the same mapping is explored twice (i.e. when a
collision happens in the hash table), the search must be diversified. However, when no
collision happens for a certain number of iterations, that is an indicator of the diversity
of the mappings and thus the size of k can be decreased. Finally, an Iterated reactive
tabu search is proposed in [117] where k executions of reactive search, each of which has
maxM oves/k allowed moves, are launched. In the end, the best matching found during
the k executions is kept.

2.2.3

Synthesis

In Table 2.1, we synthesize the error-tolerant GM methods, presented in the literature,
taking into account the following criteria:
• Optimality: Whether an algorithm is able to find a global minimum solution (i.e.,
the best solution among all the existing solutions or so-called optimal solution) or a
local minimum one (i.e., not necessarily an optimal solution but a suboptimal one).
• Maximum graphs size: What is the number of vertices on which an algorithm was
tested and on which it can perfectly work.
• Graphs type: Symbolic, numeric, weighted, cyclic/acyclic graphs or a mixture of
them.
• Parallelism ability: The ability of an algorithm to be run on several machines.
• Popularity: the importance that an algorithm has taken in the literature.
As depicted in Table 2.1, one can remark that exact methods cannot match graphs
whose sizes are more than 15 vertices while approximate methods can cope with graphs
of larger sizes (i.e., up to 250 vertices in the literature). This is due to the fact that exact
methods are computationally expensive. Indeed, exact methods are CPU and Memory
consuming. Not only number of vertices can make a problem hard to solve but also graphs
density and attributes. For example, matching non-attributed graphs is more difficult
than matching attributed ones since attributes can help in quickly finding the optimal or
a good near-optimal solution.
2.2.3.1

Large graphs

Based on the graph sizes reported in Table 2.1, we define the term ”large graphs” by
dividing it into two categories: exact and approximate large graphs, as shown in Table
2.2. These categories are used as a definition of large graphs in the rest of the thesis. The
maximum size of PR graphs is taken from the largest database dedicated to PR graphs,
to the best of our knowledge, it is the webpage database [106].
Approximate methods can be grouped into two families:
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Name

Optimality

String based
methods

Suboptimal

Spectral
Theory(1)

Optimal

Maximum
Graphs
Size
thousands
of
vertices
!
Hundreds
of
Regions
Up to 10

Spectral
Theory(2)

Suboptimal

Not precised

Vertex
Assignment
Genetic algorithm

Suboptimal

Up to 128
vertices
Up to 100
vertices

Tabu search
based algorithms
Probabilistic
Relaxation
GED-A⇤

Suboptimal

Up to 250
vertices

Suboptimal

100 vertices

Optimal

Up to 10

GED-ILP

Optimal

up to 10

Approx
GED

Suboptimal

IPFP

Suboptimal

Up to hundreds of vertices
Up to 50

Path
Following
GNCGCP

Suboptimal

Up to 100

Suboptimal

up to 50

Suboptimal

Graphs type

Parallelism
Ability

Popularity

References

Cyclic/acyclic
symbolic graphs

++

+

[66, 8]

Weighted
graphs
”same
size”
Directed
Acyclic Graphs
(DAG)
Directed
attributed graphs
Various
types
depending
on
the application
Various
types
depending
on
the application
Various types of
graphs
Various
types
depending
on
the application
Graphs
with
unattributed
edges
Various
types
depending
on
the application
Weighted
graphs
Weighted
graphs
Unlabeled
graphs

++

++

[138]

++

++

[46, 126]

+

++

++

-

[105,
69,
107, 58]
[3, 10, 53,
67]

++

+

[117, 130]

–

?

[142, 47],

+

++

[23]

+

++

[71]

++

++

[91, 107]

++

+

[82]

++

+

[153]

++

+

[86]

Table 2.1: Comparison between error-tolerant GM methods in terms of their optimality,
maximum graphs size, graphs type, parallelism ability and popularity.

Category

largest
size of PR
graphs
843 vertices

Exact Methods
Approximate Methods

large
graphs
larger than
15 vertices
larger than
250 vertices

Table 2.2: Defining the term ”large graphs” in both exact and approximate GM methods.
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1. Reformulation of the problem: The GM problem is truncated into a simpler problem
(e.g. reducing the GM problem to an assignment problem [107]). However, solving
an approximated or a constraints-relaxed formulation does not lead to an optimal
solution of the original problem.
2. Approximate optimization: Solving the GM problem can be done by approximate
algorithms that reduce the size of the search space and thus lead to find near-optimal
or so-called approximate solutions (e.g. genetic algorithms [3] and EM algorithms
[7]).
Approximate GM methods are way faster than exact GM methods where lots of them
can be run in polynomial time and with high classification rates. However, they do not
guarantee to find nearly optimal solutions, specially when graphs are complex. Furthermore, none of the approximate methods present a formalism showing that approximate
methods provide lower or upper bounds for the reference graph edit distance within a fixed
factor (e.g. a factor of 4 in [87]). We believe that the larger the error-tolerant GM problem (i.e., the more complex the graphs), the less accurate the distance and the lower the
precision. In other words, matching two large graphs using an approximate error-tolerant
GM method leads to a large divergence when comparing it with an exact method. In
approximate problem reformulation, approximate methods only compare graphs superficially without regard to the global coherence of the matched vertices and edges. Whereas
in approximate optimization, parts of the solution space of such methods are left behind or ignored. However, sometimes approximate algorithms are efficient specially when
attributes help in quickly finding the optimal or a good near-optimal solution.
A significant remark one may notice is that the size of the graphs, involved in the
experiments of all GM methods, is a hundred or so. Based on this remark, we raise the
following questions:
• Why cannot GM methods, whether exact or not, cope with graphs larger than
hundreds of vertices?
• Why referenced and publicly available datasets do not exceed hundreds of vertices?
Why they do not contain graphs with di↵erent densities and/or attributes?
– Is it because there is no need to work on larger or more complex graphs in the
PR domain?
– Is it because of the limitations of the algorithms proposed for solving GM problems?
– Or is it always because of the complexity of such problems?
These raised questions are still open research questions.

45

2.3. A FOCUS ON GRAPH EDIT DISTANCE

2.3

A Focus on Graph Edit Distance

In this chapter, we give some arguments for which we have given a focus on GED.
First, GED is an error-tolerant problem that has been widely studied and largely
applied to PR. Its flexibility comes from its generality as it can be applicable on unconstrained attributed graphs. Moreover, it can be dedicated to various applications by means
of specific edit cost functions.
Second, it has been shown by Neuhaus and Bunke [98] that GED can be a metric
if each of its elementary operations satisfies the three properties of metric spaces (i.e.,
positivity, symmetry and triangular inequality ), see Section 2.1.11.6.
Third, few research papers have discussed the direct relation between GED and MCS
([21]; and [19]). Indeed, with the metric constraints explained above, GED can also pass
through a maximum unlabeled common subgraph of two graphs (G1 and G2 ). MCS(G1 , G2 )
is not necessarily unique for the two graphs G1 and G2 .
Last, but not least, GED has been used in di↵erent applications such as Handwriting
Recognition (i.e., [48]), Word Spotting (e.g. [109, 144]) and Palm-print classification (e.g.
[124]).
For all the above-mentioned arguments, we mainly focus on GED as a basis of this
thesis.

2.3.1

Graph Edit Distance Computation

The methods of the literature can be divided into two categories depending on whether
they can ensure the exact matching to be found or not. For the sake of clarity in the rest of
the thesis, the term vertex refers to an element of a graph while the term node represents
an element of the search tree.
2.3.1.1

Exact Graph Edit Distance Approaches

A*-based GED A widely used method for edit distance computation is based on the
A⇤ algorithm [102]. This algorithm is considered as a foundation work for solving GED.
Algorithm 1 recalls the main steps of the A⇤ method.
The A*-based method for exact GED computation proceeds to an implicit enumeration
of all possible solutions without explicitly evaluating all of them [112]. This is achieved by
means of an ordered tree. Such a search tree is constructed dynamically at run time by
iteratively creating successor vertices.
Only leaf vertices correspond to feasible solutions and so complete edit paths. For a
node p in the search tree, g(p) represents the cost of the partial edit path accumulated so
far, and h(p) denotes the estimated costs from p to a leaf node representing a complete
solution. The sum g(p) + h(p) is the total cost assigned to a node in the search tree and
is referred to as a lower bound lb(p). Given that the estimation of the future costs h(p) is
lower than, or equal to, the real costs, an exact path from the root node to a leaf node is
guaranteed to be found [107].
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Algorithm 1 Astar (A* )
Input: initial state si and a goal state sg Output: a shortest path path ig from si to sg
1: OP EN
2: OP EN .add(si )
3: while OP EN 6=
do
4:
sb
OP EN .minimumNode()
. Remove the best node from OP EN
5:
if sb .equals(sg ) then
. If sb is the goal state sg
6:
path ig
sb .backtrackPath()
. through recorded parents backtrack from sg
until reaching si
7:
Return path ig
8:
end if
9:
successorssb
successors(sb )
. Create the successors of sb and evaluate them
10:
OP EN .add(successorssb ) . add successors to OPEN and record their parent sb
11: end while
Algorithm 2 depicts the pseudo code of A⇤ . This algorithm is taken from [112]. However, in Algorithm 2 we illustrate it di↵erently. The set OPEN of partial edit paths
contains the search tree nodes to be processed in the next steps. p refers to the current
node that will be explored (lines 1 and 2). In the beginning, the first level of the search
tree is constructed and inserted in OP EN (lines 3 to 6). To construct the first level of
the search tree, u1 in G1 is substituted with each vi in G2 in addition to the deletion
of u1 (i.e., u1 ! ✏). Algorithm 3 represents how the children of node p are generated.
The substitution (lines 3 to 6) or the deletion of a vertex (lines 7 and 8) are considered
simultaneously, which produces a number of successor nodes in the search tree. These
successors are then saved in a list Listp. Back to Algorithm 2, the most promising partial
edit path p 2 OPEN, i.e., the one that minimizes lb(p), is always chosen first (lines 8 and
9). This procedure guarantees that the complete edit path outputted by the algorithm is
always optimal, i.e., its cost is the minimum among all possible competing paths. If all
vertices of G1 have been processed (line 11), the remaining vertices of the second graph
are inserted in a single step (lines 15 to 19). Finally, when all the branches of the tree
have been pruned, if p, whose cost is the minimum, is a complete node, p and its cost g(p)
are outputted as an optimal solution of GED(G1 , G2 ) (line 13). Note that pendingV1 and
pendingV2 represent a set of V1 and V2 that has not yet been matched.
The edit operations on edges are implied by edit operations on their adjacent vertices.
For instance, whether an edge is substituted, deleted, or inserted, depends on the edit
operations performed on its adjacent vertices. Figure 2.13 recalls the notations of vertices
and edges of G1 and G2 .
Algorithms 4, 5 and 6 represent vertex insertions, deletions and substitutions, respectively. In the case of vertex insertions of vk 2 V2 in V1 , one also has to insert its adjacent
edges (i.e., each ekz ), see Algorithm 4. On the other hand for vertex deletion of vi 2 V1 , one
also has to delete its adjacent edges (i.e., each eij ), see Algorithm 5. Note that pendingE1
and pendingE2 refer to a set of E1 and E2 that has not yet been matched.
As for vertex substitutions (ui ! vk ), depicted in Algorithm 6, several cases should be
taken into account:
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Algorithm 2 Astar GED algorithm (A* )
Input:
Non-empty attributed graphs G1 = (V1 ,E1 ,LV1 ,LE1 ,µ1 ,⇣1 ) and G2 =
(V2 ,E2 ,LV2 ,LE2 ,µ2 ,⇣2 ) where V1 = {u1 , ..., u|V1 | } and V2 = {v1 , ..., v|V2 | }
Output: A minimum cost edit path (pmin ) from G1 to G2 e.g., {u1 ! v3 , u2 ! ✏ , ✏ ! v2 }
1: p
root node of the tree with all vertices and edges of g1 and g2 as pending lists
2: OP EN
3: Listp
GenerateChildren(p)
4: for p 2 Listp do
5:
OP EN .AddFirst(p)
6: end for
7: while true do
8:
OPEN
SortAscending(OPEN )
. according to l(b)=g(p)+h(p)
9:
p
OPEN.PopFirst()
. Take first element and remove it from OP EN
10:
Listp
GenerateChildren(p)
11:
if Listp = then
12:
if pendingV2 (p) =
then
13:
Return(g(p),p) . Return p and its cost (distance) as the optimal solution
of GED(G1 , G2 )
14:
else
15:
for vi 2 pendingV2 (p) do
16:
q
insertion(q,vi )
. i.e., {✏ ! vi }
17:
p.AddFirst(q)
18:
end for
19:
OPEN.AddFirst(p)
20:
end if
21:
else
22:
for p 2 Listp do
23:
OP EN .AddFirst(p)
24:
end for
25:
end if
26: end while
Algorithm 3 GenerateChildren
Input: A tree node p
Output: A list Listp whose elements are the children of p
1: Listp
2: u1
pendingV1 (p).PopFirst()
3: for vi 2 pendingV2 (p) do
4:
q
substitution(p,u1 ,vi )
5:
Listp.AddFirst(q)
6: end for
7: q
deletion(p, u1 )
8: Listp.AddFirst(q)
9: Return(Listp)
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. i.e., {u1 ! vi }
. q is a tree node
. i.e., {u1 ! ✏}
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G1

G2
ui

vk

ekz

eij
uj

vz

Figure 2.13: Notations recall: G1 and G2 are two graphs, eij is an edge between two
vertices vi and vj in G1 while ekz is an edge between two vertices vk and vz in G2
• If vertex uj is already deleted (i.e., uj ! ✏ ), then eij has to be deleted (line 9).
• If vertex uj is already substituted to vertex uz , but there is no edge ekz between
vertices vk and vz then eij has to be deleted (line 13).
• If vertex uj is already substituted to vertex uz , an there is an edge ekz between
vertices vk and vz then eij is substituted to ekz (line 15).
• If vertex ui is already substituted to vertex uz , but there is no edge eij between
vertices vi and vj then ekz is inserted (line 28).
Note that the complexity of the substitution u ! v is O(|adj(u)| + |adj(v)|). where
adj(u) and adj(v) are the adjacent edges of u and v, respectively.
Algorithm 4 Insertion
Input: A tree node q and a vertex vk in G2
Output: A tree node q
1: q.add(✏ ! vk )
2: ListEvk = edges(vk )
3: for ekz 2 ListEvk do
4:
q.add(✏ ! ekz )
5:
pendingE2 (q).remove(ekz )
6: end for
7: pendingV2 (q).remove(vk )
8: Return(q)

. remove ekz from the pendingE2 of q

Note that Algorithms 4, 5 and 6 are also used in all the methods proposed in the thesis.
Algorithm 1 presents a Best-First algorithm which ends up having tremendous number
of unnecessary nodes in memory, such a fact is considered as a drawback of this approach.
In the worst case, the space complexity can be expressed as O(| |) where | | is the cardinality of the set of all possible edit paths [38]. Since | | is exponential in the number of
vertices involved in the graphs, the memory usage is still an issue.
There are lots of ways to solve the problem of estimating h(p) for the costs from the
current node p to a leaf node. In Section 5.3.3.1, we will study the e↵ect of di↵erent h(p)’s
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Algorithm 5 deletion
Input: A tree node q and a vertex ui in G1
Output: A tree node q
1: q.add(ui ! ✏)
2: ListEui = edges(ui )
3: for eij 2 ListEui do
4:
q.add(eij ! ✏)
5:
pendingE1 (q).remove(eij )
6: end for
7: pendingV1 (q).remove(ui )
8: Return(q)
on A⇤ .
Binary Linear Programming A binary linear programming formulation of GED is
proposed in [71]. GED between graphs is treated as finding a subgraph of a larger graph
referred to as the edit grid. The edit grid only needs to have as many vertices as the sum
of the total number of vertices in the graphs being compared. The edit grid is a complete
graph G⌦ = (⌦, ⌦X⌦, µ⌦ ) where ⌦ denotes a set of vertices with N elements. Accordingly,
⌦X⌦ is the set of undirected edges connecting all pairs of vertices. GED between G1 =
(V1 ,E1 ,LV1 ,LE1 ,µ1 ) and G2 = (V2 ,E2 ,LV2 ,LE2 ,µ2 ) can be expressed by:

GED(G1 , G2 ) =

min

P 2{0,1}N XN

N X
N
X
i=1 j=1

1
c(l(Ai1 ), l(Aj2 ))P ij + c(0, 1)|A1
2

P A2 P T |ij

(2.9)

where P is a permutation matrix representing all possible permutations of the elements
of edit grid. An 2 {0, 1}N XN is the adjacency matrix corresponding to Gn in the edit
grid. P represents N 2 boolean variables. N needs to be no larger than |V1 | + |V2 | where
|V1 | and |V2 | are the numbers of vertices of the involved graphs. l(Ain ) is the attribute
assigned to the ith row/column of An . Finally, the function c is a metric between two
vertex attributes.
Formulation 2.9 is quadratic since it holds the product of P variables (P A2 P T ). In
order to linearize it, two matrices, S and T , are introduced (inspired by [6]), and thus a
binary linear formulation is obtained:

GED(G1 , G2 ) =

min

P,S,T 2{0,1}N XN

s.t.

⇢

N X
N
X
i=1 j=1

1
c(l(Ai1 ), l(Aj2 ))P ij + c(0, 1)(S + T )ij
2

(A
T )ij = 0, 8i, j (2.10.1)
P 1 P ik P A
P2 + S
kj
= j P = 1, 8k
(2.10.2)
iP

(2.10)

P , S and T represent 3 ⇥ N 2 boolean variables where N is the number of vertices
|V1 | + |V2 |. Two types of constraints are applied to the objective function. In the first
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Algorithm 6 substitution
Input: a tree node q, a vertex ui in G1 and a vertex vk in G2
Output: a tree node q
1: q.add(ui ! vk )
2: ListEui = edges(ui )
3: ListEvk = edges(vk )
4: for eij 2 ListEui do
5:
uj = eij .getOtherEndVertex()
6:
if q.contains(uj ) then . check whether q has an edit operation that contains uj
7:
vz = uj .getMatchedVertexG2();
8:
if vz = ✏ then
9:
q.add(eij ! ✏)
10:
else
11:
ekz = getEdgeBetween(vk , vz )
12:
if ekz = then
13:
q.add(eij ! ✏)
14:
else
15:
q.add(eij ! ekz )
16:
pendingE2 (q).remove(ekz )
. remove ekz from the pendingE2 of q
17:
end if
18:
end if
19:
pendingE1 (q).remove(eij )
20:
end if
21: end for
22: for ekz 2 ListEvk do
23:
vz = ekz .getOtherEndVertex()
24:
if q.contains(vz ) then
25:
uj = vz .getOtherVertexG1()
26:
eij = getEdgeBetween(ui ,uj )
27:
if eij = then
28:
q.add(✏ ! ekz )
29:
pendingE2 (q).remove(ekz )
30:
end if
31:
end if
32: end for
33: pendingV1 (q).remove(vi )
34: pendingV2 (q).remove(vk )
35: Return(q)
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type of constraints, the GM problem is formulated as the minimization of the di↵erence
in adjacency matrix norms for unattributed graphs with the same number of vertices.
The second constraints limit the set of acceptable permutation where one element of grid
(i.e., vertex) must be permuted with exactly one element. There are N 2 constraints of
type 1 and 2N constraints of type 2. Finally, the model is solved by a mathematical
programming solver (lpsolve). One drawback of this method is that it does not take into
account attributes on edges which limits the range of application.
2.3.1.2

Approximate Graph Edit Distance Approaches

The main reason that motivates researchers to work on approximate GED comes from
the combinatorial explosion of exact GED methods. Therefore, numerous variants of
approximate GED algorithms are proposed for making GED computation substantially
faster. In this section, we dig into the details of the approximate methods.
Beam Search A modification of A*, called Beam-Search (BS ), has been proposed in
[91]. The purpose of BS, is to prune the search tree while searching an exact edit path.
Instead of exploring all edit paths in the search tree, a parameter x is set to an integer x
which is in charge of keeping the x most promising partial edit paths in the OPEN set.
Such an algorithm cannot always ensure the exact matching to be found. When x = 1,
BS becomes a greedy search algorithm.
Bipartite Matching As previously mentioned in Section 2.1.11.9, GED has been reformulated as an instance of QAP. In [107], Riesen et al have also reformulated the assignment
problem as finding an exact matching in a complete bipartite GM. However, they have
reduced the QAP of GED computation to an instance of a Linear Sum Assignment Problem (LSAP). LSAPs as well as QAPs formulate an assignment problem of entities. Unlike
QAPs, LSAPs are
able to optimize the permutation ('1 , · · · , 'n+m ) with respect to the
Pn+m
linear term (i.e i=1 ci'(i) ), see Section 2.1.11.9. That is, the matrix C is the only matrix
P
Pn+m
that is considered and the quadratic term (i.e., n+m
i=1
j=1 c(a'i 'j ! b'i 'j )) is omitted
from the objective function. By doing so, the edges between vertices are neglected since
that the matrices A and B are the ones that refer to the edges of G1 and G2 , respectively.
In order to reduce GED into a LSAP, local rather than global relationships are considered.
Formally saying, let G1 = (V1 , E1 , µ1 , ⇠1 ) and G2 = (V2 , E2 , µ2 , ⇠2 ) with V1 = (u1 , . . . , u|V1 | )
and V 2 = (v1 , . . . , v|V2 | ) respectively. A square cost matrix Cve is constructed between G1
and G2 as follows:
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c1,1
...
...
Cve =

c|V1 |,1
c✏,1
1
...
1

...
...
...
...

... c1,|V2 |
...
...
...
...
... c|V1 |,|V2 |

1 ...
c✏,2 ...
... ...
... 1

1
1
...

c✏,|V2 |

c1,✏ 1 ...
1
1 c2,✏ ...
1
... ... ...
...
1 ... 1 c|V1 |,✏
0
...
...
0

...
...
...
...

...
...
...
...

0
...
...
0

At a first glance, this matrix looks similar to the matrix C in Section 2.1.11.9. However,
each element cij in the matrix Cve corresponds to the cost of assigning the ith vertex of
G1 to the j th vertex of G2 in addition to assigning the edges of the ith vertex of G1 to
the edges of the j th vertex of G2 . For the edge edit operation costs, the minimum sum is
selected. Thus, the problem of GM is reduced to finding the minimum assignment cost
Cve such that p = p1 , . . . , pn is a matrix permutation. In the worst case, the maximum
number of operations needed by the algorithm is O((n + m)3 ) where n and m denote |V1 |
and |V2 |, respectively. In the rest of the thesis, this algorithm is referred to as BP .
As in the matrix C, the left upper corner of the matrix contains all possible vertex substitutions, the diagonal of the right upper matrix represents the cost of all possible vertex
deletions and the diagonal of the bottom left corner contains all possible vertex insertions.
The bottom right corner elements cost is set to zero which concerns the substitution of
✏ ✏.
Recently, two new versions of BP to compute GED, called Fast Bipartite method
(FBP ) and Square Fast Bipartite method (SFBP ), have been published in [122] and [123],
respectively.
In, FBP, the cost matrix is composed of only one quadrant. When |V1 | =
6 |V2 |, the
unused cells in the matrix are filled with zeros so as to be a square matrix which is the
case of linear assignation methods [17].

c1,1
Cve =
c|V1 |,1

(c1,✏ + c✏,1 )
...
...
(c|V1 |,✏ + c✏,1 )

...
...
...
...

...
c1,|V2 |
...
...
... c|V1 |,|V2 |

(c1,✏ + c✏,|V2 | )
...
...
(c|V1 |,✏ + c✏,|V2 | )

On the other hand, in SFBP, two square matrices are defined. One of them is used
depending on the order of the involved graphs. When |V1 |  |V2 |, Cve is represented as:
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c1,1
...
...
Cve =

c|V1 |,1
c✏,1
1
...
1

...
...
...
...

... c1,|V2 |
...
...
...
...
... c|V1 |,|V2 |

1 ...
c✏,2 ...
... ...
... 1

...
...
...

c✏,|V2 |

Whereas when |V2 |  |V1 |, Cve is represented as:

Cve =

c1,1
...
...
c|V1 |,1

...
...
...
...

... c1,|V2 |
...
...
...
...
... c|V1 |,|V2 |

c1,✏ 1 ...
1
1 c2,✏ ...
1
... ... ...
...
1 ... 1 c|V1 |,✏

FBP and SFBP have a restriction since edit costs have to be defined such that the
edit distance is a distance function [123] that is equal to BP. Thus three restrictions have
to be satisfied:
• Insertion and deletion costs have to be symmetric.
• Cvs (ui , vj ) and Ces (eij , ekz ) have to be defined as a distance measure.
• c(ui , vj )  2.Kv and c(eij , ekz )  2.Ke where 2.Kv and 2.Ke are the costs of inserting
and deleting vertices and edges, respectively.
In BP, FBP and SFBP when substituting, deleting or inserting vertices, their local
substructures are taken into account. Among local substructures, the degree centrality and
the clique centrality are considered as the two most used ones:
• Degree Centrality ( deg
i ) of each node ui 2 V1 is set to ki where ki refers to the
number of edges connected to ui .
• Clique Centrality ( clique
) of each node ui 2 V1 is set to kij where kij refers to the
i
number of edges connected to ui as well as their neighboring vertices {uj }.
Figure 2.14 illustrates an example of deg
and clique
. When matching graphs whose
i
i
edges are unattributed, the vertices cost includes counting the number of their neighboring
edges. In [39], in addition to deg
and clique
, three other vertex centralities have been
i
i
proposed (the planar centrality, the eigenvector centrality [16] and the Google’s PageRank
centrality [18]) and their e↵ect on SFBP is studied.
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ui

ui

Figure 2.14: Examples of the local substructures:
clique
=6
i

deg
i

and

clique
.
i

Note that

deg
i

= 3 and

Improvements via Search Strategies Since BP considers local structures rather than
global ones, an overestimation of the exact GED cannot be neglected. Recently, few works
have been proposed for overcoming such a problem. Researchers have observed that BP ’s
overestimation is very often due to a few incorrectly assigned vertices. That is, only few
vertex substitutions from the next step are responsible for additional (unnecessary) edge
operations in the step after and thus resulting in the overestimation of the exact edit
distance.
In [110], a greedy swap GED is proposed, see Algorithm 7. As a first step, BP is
used to compute a first distance dbest as well as a mapping m (line 1). Then for each pair
of vertex assignments (i.e., (ui ! upi ) and (uj ! upj )) in m, the partial cost costorig =
cost(ui ! upi )+ cost(uj ! upj ) is calculated. This cost is compared with the new mapping
cost costswap which is based on swapping the former vertex assignments (i.e., (ui ! upj )
and (uj ! upi )) (lines 7 and 8). In order to decide whether the new swapped mappings
are beneficial or not, a parameter ✓ multiplied by costorig is compared with the absolute
value of costorig -costswap (line 9). If this value is smaller than the defined threshold, the
swapping is performed, a new mapping m̄ is generated and a new distance d(m̄) is derived
(lines 10 and 11). If d(m̄) is smaller than dbest , dbest is updated and replaced by d(m̄) .
Moreover, m is replaced by m̄. The steps from line 5 to 18 are repeated searching for a
better m and so dbest . The parameter swapped is used as an indicator that tells if there
were some changes that have been made when executing the two for loops. If swapped
equals true, the steps are re-executed on the new m. Once m becomes stable (i.e., when
swapped equals false), dbest and m are outputted as a best answer that can be found by
Greedy-Swap. Note that dbest is not necessarily the optimal solution since BP is based
on local search and that’s why the Greedy-Swap algorithm belongs to approximate GED
methods.
Based on the same idea of [110], a Beam-Search version of BP, called BP-Beam, is
proposed in [113]. This work focuses on investigating the influence of the order in which
the assignments are explored, such a process is considered as a post search process on the
distance quality. As in [110], the original node assignment d(m) (G1 , G2 ) is systematically
varied by swapping (ui ! vpi ) and (uj ! vpj ). For each swap it is verified whether (and
to what extent) the derived distance approximation stagnates, increases or decreases. For
a systematic variation of mapping m, a tree search is used. As usual, in tree-search based
methods, a set OPEN is employed that holds all of the unprocessed tree nodes. Each tree
node is a triple (m̄,q,d(m̄) (G1 , G2 )) where m̄ is the matching, q is its depth in the search
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Algorithm 7 Greedy-Swap (G1 ,G2 )
Input: Non-empty attributed graphs G1 = (V1 , E1 , µ1 , ⇣1 ) and g2 = (V2 , E2 , µ2 , ⇣2 ) where
V1 = {u1 , ..., u|V1 | } and V2 = {v1 , ..., v|V2 | } and a parameter ✓
Output: A minimum cost edit path (dbest ) from G1 to G2
1: dbest ,m = d(m) (G1 ,G2 )
2: swapped = true
3: while swapped do
4:
swapped =false
5:
for i = 1...(m + n 1) do
6:
for j = i + 1...(m + n) do
7:
costorig = cost(ui ! vpi )+ cost(uj ! vpj )
8:
costswap = cost(ui ! vpj )+ cost(uj ! vpi )
9:
if —costorig costswap |  ✓.costorig then
10:
m̄ = m {ui ! vpi , uj ! vpj } [ {ui ! vpj , uj ! vpi }
11:
Derive approximate edit distance d(m̄) (G1 , G2 )
12:
if d(m̄) (G1 , G2 ) < dbest then
13:
dbest ,m = d(m̄) (G1 , G2 )
14:
swapped = true
15:
end if
16:
end if
17:
end for
18:
end for
19: end while
20: return dbest and m
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tree and d(m̄) (G1 , G2 ) is the distance obtained from the mapping m̄. Since BP is used as
a first step, it is considered as a first node in OPEN and thus its depth q is equal to zero.
Nodes are kept sorted in ascending order according to their depth in the search tree. As
long as OPEN is not empty, the triple (m̄,q,d(m̄) (G1 , G2 )) located at the first position in
OPEN is retrieved and removed from OPEN. The successors of (m̄,q,d(m̄) (G1 , G2 )) are
generated by swapping (ui ! vpi ) and (uj ! vpj ) (i.e., ui ! vpj ) and (uj ! vpi ) where
i = q and j = {(q), · · · , (|V1 | + |V2 |)}. These successors are inserted at the end of the
list OPEN where q = q + 1. When each successor is inserted, a systematic verification
is performed to verify whether the derived distance d(m̄) (G1 , G2 ) is smaller than the best
distance found so far (i.e. dbest ). If this is the case, dbest is modified. After successors
insertion and dbest verification, the best x solutions are kept in OPEN and the next node
is retrieved and removed and so on. The algorithm stops when OPEN becomes empty.
dbest is then outputted as a final solution of BP-Beam(G1 , G2 ).
Recently, an iterative version of BP-Beam, referred to as IBP-Beam, has been proposed
in [45]. This algorithm starts by computing a first distance dm (G1 , G2 ) using BP. A
randomization step is then applied to change the order of the matched vertices. Afterwards,
BP-Beam is applied on the new-ordered matching. The randomization and BP-Beam are
repeated k times. This algorithm has two parameters (x and k). Results showed that
this algorithm takes much longer time than BP-Beam. However, it improves the distance
quality.
In [114], a search procedure based on a genetic algorithm referred to as BPGA is proposed for improving the accuracy of BP . After calculating a first upper bound (m,dm (G1 , G2 ))
using BP , an initial population P (0) is build by computing N random order variations
(0)
(0)
(0)
of m (i.e., m1 , · · · , mN ). Each variation mi 2 P (0) is computed by assigning a mutation probability to each vertex-to-vertex mapping (i.e., ui ! vpi ). This probability tells
whether a mapping can be deleted or not. In the case of deleting a vertex-to-vertex mapping, an infinity cost is assigned to it (i.e., c(ui ! vpi )=1). Given this modification in
(0)
a matrix entity, a new mapping mi and its underlying distance are generated. Note
(0)
that mi does not contain ui ! vpi anymore. As mentioned before, N mappings are
generated through mutation procedure and thus the aforementioned procedure is repeated
(t)
(t)
N times to obtain an initial population P (t) = {m1 , · · · , mN }. Afterwards, a subset
E, called parents, of P (0) is created aiming at obtaining a second population P (t + 1).
Parents’ selection is achieved by selecting the best K approximations whose distances are
the minimum. These parents are inserted into P (t + 1) without any modification. Then,
to generate the other N |E| mappings, the following strategy is repeated N |E| times.
¯ 2 E are randomly selected and combined in one mapping m where
Two mappings m̄, m̄
¯
¯ , respectively. Any
Cm = max({c¯i,j , ci,j }) where c̄ and c̄¯ are the cost matrices of m̄ and m̄
¯ is also prevented in
prevented mapping (i.e., a mapping whose cost is infinity) in m̄ and m̄
the merged mapping m. The selection of parents E ✓ P (t) and the generation of N |E|
new mappings are repeated again and again. The algorithm is stopped when the best
distance has not been modified for ◆ iterations where ◆  t. Since any genetic algorithm
is non-deterministic, the computation of BPGA is repeated s times. Afterwards, the best
distance along with its matching are outputted. Thus, when comparing BPGA to BP,
BPGA increases the run time by parameters s.t.N .
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Compared to the original BP , the improvements proposed in [45, 113, 110, 114] increase
run times. However, they improve the accuracy of the BP solution.
Hausdor↵ Edit Distance In [49], the authors propose a novel modification of the
Hausdor↵ distance that takes into account not only substitution, but also deletion and
insertion cost. We refer to the modified version of the Hausdor↵ distance as H. This
approach allows multiple vertex assignments, consequently, the time complexity is reduced
to quadratic (i.e., O(n2 )) with respect to the number of vertices of the involved graphs.
Definition 15 The Modified Hausdor↵ (H)
H(G1 , G2 ) =

X

min c¯1 (u, v) +

u2V1

v2V2

X

v2V2

min c¯2 (u, v)

u2V1

(2.11)

where V1 corresponds to the vertices of G1 and V2 to the vertices of G2 . The cost
functions c¯1 (u, v) and c¯2 (u, v) for matching vertex u with vertex v are:
c¯1 (u, v) =

(

c¯2 (u, v) =

(

c(u,v)
2 ,

c(u, ✏),
c(u,v)
2 ,

c(✏, v),

if c(u, v) < c(u, ✏)
otherwise

(2.12)

if c(u, v) < c(✏, v)
otherwise

(2.13)

To compute c¯1 (u, v), among all the possible substitutions c(u,v)
2 , the one with the
smallest cost is chosen. Otherwise, the deletion cost c(u, ✏) is returned. The same thing
for c¯2 (u, v) where the minimum substitution c(u,v)
is chosen. Otherwise, the insertion cost
2
c(✏, v) is returned (i.e., if c(u, v) > c(✏, v)).
For both c¯1 (u, v) and c¯2 (u, v), the estimated implied edge cost is included with each
c(u, v) as well as c(u, ✏) and c(✏, v) such that:
c(i, j) = c(i, j) +

estimated implied edge cost
2

Unlike the approximate GED methods explained in this section, H(G1 , G2 ) is a lower
bound GED method.
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2.4

Performance Evaluation of Graph Matching

In this section, a focus on the existing benchmarks for GM methods is given. Table 2.3
synthesizes the graph databases presented in the literature. One may notice that exact
GM methods have been evaluated at matching level. However, error-tolerant GM methods
have been evaluated at the classification level rather than the matching one. Yet, in the
literature, some approximate GED methods have been evaluated at the matching level
but unfortunately on graphs whose sizes are not bigger than 16 vertices [108]. One may
ask the following question: why error-tolerant GM algorithms have not been tested at
the matching level? Is it because there is really no need for that and that the only need
for error-tolerant GM methods is to classify graphs? For instance, one of the databases
repository called CMU [2] is devoted to error-tolerant GM with ground truth information.
However, graphs have the same number of vertices and thus the scalability measure cannot
be assessed. Indeed, one may clearly see that there is a lack of performance comparison
measures dedicated to the scalability of error-tolerant GM methods, whether exact or
approximate ones.
Ref

Problem Type

Graph Type

[119]

Exact GM

[2]

Error-tolerant
GM

Nonattributed
Attributed

[106]

Error-tolerant
GM
Exact GM

Attributed

Real-world

Attributed

Synthetic

Exact GM

(Non)attributed Real-world

[37,
52]
[27]

Database
Type
Synthetic
Real-world

Metrics Type

Purpose

Accuracy and scalability
Memory consumption,
accuracy and matching
quality
Accuracy and running
time
Accuracy and scalability
Scalability

Matching
Matching

Classification
Matching
Matching

Table 2.3: Synthesis of graph databases

2.5

Conclusion on the State-of-the-Art Methods

After having explored GM methods in general and GED methods in particular, we
spot light and emphasize on several facts.
GED is the most flexible and generic GM problem since it can be applied on any type
of graphs by changing the cost functions of both vertices and edges. Moreover, it can be
transformed into an exact GM problem by means of metric constraints. Unlike statistical
approaches, GED methods provide both a matching and a distance of the two involved
graphs. It is also the most studied problem in the literature.
Table 2.4 synthesizes the GED methods on which we shed light in this chapter. Exact
methods have not been intensely studied in the literature. In fact, exact GED methods
are guaranteed to find the exact matching but have a run time and/or memory usage that
is exponential in the size of the input graphs, such a fact limits the exact methods to work
on relatively small graphs. For instance, A⇤ has shown to be a memory consuming method
as it is based on a Best-First search algorithm.
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Method
A*
BLP
BS
BP
SWAP-BP
BP-Beam
IBP-Beam
BPGA
FBP
SFBP
H

Reference
[112]
[71]
[99]
[107]
[113]
[110]
[45]
[114]
[122]
[123]
[48]

Problem type
Exact GED
Exact GED
Approximate GED
Approximate GED
Approximate GED
Approximate GED
Approximate GED
Approximate GED
Approximate GED
Approximate GED
Approximate GED

Graphs type
symbolic and numeric attributes
symbolic and numeric attributes only on vertices
symbolic and numeric attributes
symbolic and numeric attributes
symbolic and numeric attributes
symbolic and numeric attributes
symbolic and numeric attributes
symbolic and numeric attributes
symbolic and numeric attributes
symbolic and numeric attributes
symbolic and numeric attributes

Distributed?
NO
NO
NO
NO
NO
NO
NO
NO
NO
NO
NO

Table 2.4: Synthesis of the GED methods presented in the thesis
On the other hand, approximate GED methods often have a polynomial run time
in the size of the input graphs and thus are much faster, but do not guarantee to find
the exact matching in addition to the fact that the quality of their provided answers
(i.e., distance and matching) have not been studied. In addition, approximate methods
have not been experimented on large or dense graphs. We, authors, believe that the
more complex the graphs, the larger the error committed by the approximate methods.
Graphs are generally more complex in cases where neighborhoods and attributes do not
allow to easily di↵erentiate between vertices. In addition to the lack of diversity of graph
datasets, there is a lack in metrics for deeply evaluating error-tolerant GM methods since
only classification rates have been evaluated. For instance, resources consumption of each
method has not been deeply studied. Moreover, in GED, the impact of cost functions
always remains a question.
Based on the aforementioned facts and conclusions, we believe that it is highly important to study and propose new solutions that can be listed as follows:
• Defining an optimized and exact GED method that can match larger graphs and
consume less memory than A⇤ .
• Introducing a new kind of GM methods that could adapt themselves to give a tradeo↵ between available resources (time and memory) and the quality of the provided
solution.
• Putting forward a distributed or a parallel version of a GED method in order to
handle larger graphs and to get more precised solutions (i.e., mappings and distance).
• Proposing new metrics and datasets with di↵erent types of graphs to better characterize GED methods in terms of precision of the provided solution (i.e., instead of
only classification rates).
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